The research concerns analysis of transverse vibrations of power line transmission tower of variable cross section (changing on its length). Such constructions are subjected simultaneously to internal and external loads, which results in transverse and longitudinal vibrations. These vibrations are described by two partial differential equations of distributed parameters depending on two independent variables. If vibrations are small, the terms connecting equations of transverse and longitudinal vibrations can be neglected as infinitely small with respect to other quantities. Consequently, each vibration can be considered separately.
Introduction
The research aimed at analysis of transverse vibrations of power lines transmission tower of cross section changing along its length. Such constructions are subjected simultaneously to internal and external loads, which results in transverse and longitudinal vibrations. Considered vibrations can be described by two partial differential equations of distributed parameters depending on two independent variables. When the vibrations are small, the terms connecting equations of transverse and longitudinal vibrations can be neglected as infinitely small with respect to other quantities. Therefore, each vibration can be considered separately. Presented considerations concern transverse vibrations of power line pole while longitudinal vibrations will be the subject of a separate work.
The solution presented in the paper can be treated as a basis for development of a new method of studying vibrations of transmission towers. The scope of the carried out research covers:
• formulation of the linear discrete-continuous model of the power line transmission tower, taking into account variable (in the function of the transmission tower length) geometry of the considered system, • development of the assumed model mathematical description, • formulation of the eigenproblem, • providing solution of the initial-boundary problem taking into account the influence of external forces resulting in transverse vibrations of the considered system.
The structure of the paper is as follows. The next section concerns formulation of the linear discretecontinuous model of the power line transmission tower. Free vibrations are considered in the Free vibrations of the considered system section. In Formulation of eigenproblem section, eigenproblem is formulated. The initial-boundary problem is solved in the Solution of the initial-boundary problem section. Finally, conclusions and final remarks are given.
Linear discrete-continuous system model Elaborated model associated with the power line transmission tower (of O24 type) consists of a single continuous element of distributed parameters (stiffness (EI)(x) and mass distribution (qF)(x)) constrained at the bottom part. Functions (EI)(x) and (qF)(x) are positive and continuous on the intervals. Under assumption that the changes in the values of these functions with respect to constants (q 0 F 0 ) and (EI 0 ) take place in small intervals; it is possible to describe these changes with the usage of the Dirac distribution. [1] [2] [3] Such proceeding leads to the solution of the considered problem in the form of analytical formula. Obviously, this solution belongs to the space of generalized functions.
In Figure 1 there is presented discrete-continues model associated with the considered transmission tower O24 of overhead electrical power line. In the further considerations, the following notation was assumed: u(x, t) -relative displacement of the considered system cross section in the point x Influence of electrical cables on the considered structure was modelled by massless constraints arranged in short intervals along the pole length. 4, 5 In the carried out considerations it was assumed that formulated model mass equals mass of the real system. Model vibrations were described by partial differential equations of the fourth order with distributive coefficients 6 (p. 158). Solution of such equations belongs to the space of generalized functions, which means functions having distributive derivative at each point. The following assumptions concerning the pole structure were made:
• variability of pole cross section in the function of coordinate x (Figure 2 )
where: • mass distribution ( Figure 3 )
where:
• distribution of cross-sectional moment of inertia ( Figure 4 )
where: • influence of electrical wires
Using the notation U ¼ U x; t ð Þ, transverse vibrations of the model presented in Figure 1 can be described as follows 7, 8 EI
where f(x, t) denotes external forces acting on the transmission tower, with the following boundary conditions Uð0; tÞ ¼ 0;
and initial conditions
Due to the distributive coefficients in equation (5), solution of the initial-boundary problems (5) to (7) belongs to the class of generalized functions. In order to solve such a problem it is convenient to separate variables
For equation (8) it has to be assumed that
Due to the assumed forms of F(x), M(x), I(x) and u(x) defined by formulas (1) to (4), equation (5) is linear. In the first step, the solution of free vibrations will be determined, in the following step -the solution of vibrations forced with the external force f(x, t).
Free vibrations of the considered system
Inserting equation (8) into equations (5) and (6), taking into account equations (1) to (4) and (9) 10 (p. 90), having performed some standard operations, it can be written that
where
Relation (10) is equivalent to the equations
and
In equation (13), on the right side, there are components
They are indeterminate since X 000 (x) at points x i is discontinuous. Therefore, X IV at these points is expressed by
ð Þ by itself is indeterminate. Taking into account the above considerations, X IV at points x i can be defined as follows
In view of equation (14), equation (13) takes the form
For simplicity, in the further part of the paper, X IV x i ; g i ð Þ has to be eliminated from equation (15) . Therefore, it is necessary to multiply both sides of equation (15) by
and integrate in the interval (x j À n j , x j þ n j ). Finally, it can be written that
From equation (17) it follows that
Having inserted equation (18) into equation (16) it was obtained
or after ordering
Parameters e i ; c i ; b i ; g i should be selected in such a way that
Formulation of eigenproblem
In order to find the solution of the eigenproblem, it is necessary to:
• determine the set of generalized functions {X (x)} satisfying equation (20) with the boundary conditions (11),
• derive algebraic equation, the zeros of which are the eigenvalues k of the eigenproblem problem being solved,
• derive orthogonality condition for elements of the set of functions satisfying equation (10),
• determine the solution of free vibrations of the considered system.
General solution of equation (11), in the class of generalized functions, is described by the equation
Due to the form of boundary conditions (11), from equation (22), the first three derivatives in the distributive sense should be calculated 12 (p. 76)
Constants P, Q, R and S can be determined from equations (22) to (25) and boundary conditions (11)
From equation (22), taking into account equations (26) and (27), it is possible to derive equations for calculating the remaining constants X(x i ) at points
Set of equations (26) to (30) can be written in the matrix form
with the unknown vector 
and a ijþ2 ¼ for i ¼ 4; . . . ; n; j ¼ 1; . . . ; m À 3 :
. . . ; n; j ¼ m À 2; m À 1; m :
The set of equation (31) has nonzero solution when
Eigenvalues 13, 14 of the problems (20) and (11) form the solution of equation (35). Eigen values k n are positive and form an infinite series. Eigenvalues k n , correspond to functions {X n (x)} forming the space of orthogonal functions. 15, 16 To prove the orthogonality condition, the method presented in Smirnov 10 (p. 102) was used. For X n (x), with respect to each k n , the following differential equation can be written
with boundary conditions
Multiplying both sides of equation (20) by X r (x) for n ¼ s and equation (36) by X s (x) for n ¼ r, integrating in the interval [0, l], it was obtained that
Integrating by parts the first component of equation (38) four times and taking into account boundary conditions, it was found out that this component equals zero. Therefore, equation (38) can be written as . Dependence of the first wave number calculated for the entire system as a function of force location and value of spring modulus of elasticity is shown in the Figure 5 . Roots of equation (32) were determined numerically, with the application of direct root finding methods and LU decomposition. 19, 20 Due to low efficiency of gradient methods and resulting necessity of searching for the solution in the consecutive intervals, the task of root finding is not trivial.
Conclusions and final remarks
In the carried out research the discrete-continuous model of the truss power pole was formulated. In the considered partial differential equations describing vibrations of power pole, the changes in the system parameters were modelled with the use of the products of the second order derivatives at points x i and the Dirac distribution. Difficulties with application of the proposed description of the system vibrations result from the fact that the first derivatives are discontinuous at x i and, therefore, products of derivatives are indeterminate. On the other hand, the Dirac functions occurring in the equations describing the system vibration result from the assumed model. To avoid multiplication of Dirac functions, in the carried out research it was proposed to approximate second derivatives at the points x i by arithmetical means of their values in the neighbouring points x i À g i , x i þ g i . Such proceeding allows for elimination of products of distributions from the considered equations. As the result the proposed model can be solved with the application of standard methods.
In the paper, the eigenproblem was formulated and solved. The authors presented differential equation on the basis of which eigenfunctions were determined. In the further part of the paper othogonality of eigenfunctions was proved and, taking into account external forces exciting transverse vibrations of the considered system, the initialboundary problem was solved. Obtained solution has the form of infinite series.
For properly selected geometrical parameters of the continuous component, equations describing eigenfunctions and eigenvalues can be significantly simplified. Local abrupt changes in the geometrical properties of the system (power pole) affect only the first few eigenvalues, while the other eigenvalues remain almost unchanged with respect to the eigenvalues of the system of constant cross section.
Carried out analysis of power pole transverse vibrations can be extended to any truss systems. The analysis is based on the formulation of the discrete-continuous model of the considered truss system, i.e. cross section determining, selection of linear parameters and massless constraints. These constraints have to correspond to local changes in stiffness of the truss system. Selection of parameters for discrete-continuous model will be the subject of a separate work.
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